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U. S. Air Force

CAICULATION OF THE LATERAL STABILITY CF A
DIRECTLY COUPLED TANDEM~TOWED FIGHTER ATRPLANE
AND CORREIATION WITH EXPERIMENTAI, DATA

By Robert E. Shanks
SUMMARY

A theoretical method 1s presented for predicting the dynamic lateral
stabillity characteristics of an airplane towed in tandem by a much larger
airplane. Values of period and time to damp to one-half amplitude and
rolling motions calculated by an analog computer have been correlated with
results of two experimental investigations conducted in the Langley free-
flight tunnel which were part of a U. S. Alr Force program (Project FICON)
to develop a satisfactory arrangement by which a bomber could tow a para-
site fighter. In general, the theoretical results agree with the exper-
imental results.

INTRODUCTTION

As part of a U. S. Air Force program (Project FICON) to develop a
satisfactory arrangement by which a bomber could tow a parasite fighter,
two experimental investigations have been conducted in the Langley free-
flight tunnel to determine the dynamic stability characteristics of models
of two types of fighter airplanes towed by a bomber. On the basis of the
results of these investigations reported in references 1 and 2 and of sub-
sequent full-scale flight tests, a satisfactory tandem directly coupled
configuration was selected as the final arrangement. In order to provide
a means for predicting the lateral stabllity characteristics of future
directly coupled aircraft configurations of this type, the equations of
lateral motion are derived for the towed alrplane. The period and damping
have been calculated from the characteristic modes of the system and time
histories of the rolling motions in response to specified aileron disturb-
ances were also obtained by using this method for the conditions of the
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model tests of the Republic F-84E airplane and the Chance Vought

g‘: FTU-3 airplane of references 1 and 2, respectively. The results of the
'@:. calculations are correlated with the experimental data.

=)

SYMBOLS

All forces and moments are referred to the conventional stability
system of axes (see fig. 1).

W welght of model, 1b

m- mass of model, slugs )
S wing area, sq ft
K spring constant, ft-1b/radian
b wing span, ft
t time, sec
v airspeed, ft/sec
v sideslip velocity, ft/sec
q dynamic pressure, %pvg, 1b/sq ft
p | air density, slugs/cu ft
m relative-density factor, m/pSb
ul angle of attack of principal longitudinal axis of inertia,
deg (see fig. 1)
kX - radius of gyration about principal longitudinal axis of
° inertia, ft \
kZo radius of gyration about principal normal axis of inertia, ft
ky radius of gyration about X-axis, /ixozcosen + kzoesin?n, ft
kZ radius of gyration about Z-axis, /;é 2c052n + kX 2sin?n, £t
o (o}

L
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product-of-inertia factor, <§x 2 - kZ é) sin 1 cos 7
(o}

(0]

»_horizontal distance from tow-attachment coupling to center

of gravity measured along longitudinal stability axis;
values of x must be determined for each angle of attack,
£t (see fig. 1)

vertical distance from tow-attachment coupling to center of
gravity measured along normal stability axis; values of =z
must be determined for each angle of attack, ft (see fig. 1)

coefficients of the stability characteristic equation

root of stability characteristic equation

differential operator, d/ds

nondimensional time parameter based on span, tV/b

period of lateral oscillation, sec

time to damp to one-half amplitude, sec

angle of sideslip, radians

angle of yaw, radians

angle of bank, radians

yawing angular velocity, dv/dt, radians/sec
rolling angular velocity, d¢/dt, radians/sec
side force, 1b

yawing moment, ft-1b




rolling moment, f£t-1b

lateral-force coefficient,

yawing-moment coefficient,

rolling-moment coefficient,

Y/as
N/qSb

L/qgSb

NACA RM SL55D18
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Cy weight coefficient, W/qS

4 "
Cx . spring-constant coefficient, K/pSV b

Subscripts:
c constraint

o control or initial

SR
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THEORETICAL. METHOD

Assumptions of the Analysis

LI AECR

In addition to the customary assumptions of small disturbances and
Llinear derivatives, the following assumptions were also made:

0.0

The motions of the towing airplane arising from the fighter motions
are assumed to be negligible because of the large difference in the
relative size of the two airplanes, and the towing airplane is assumed
+n remain in atondv Taval 14 ohd
Vs L lilAdadl Akl D vy L VO J.J.-L&IJ-UQ

The fighter alrplane is assumed to be rigid, and it is assumed that
the tow-attachment coupling is mounted to the towing airplane without
flexibility; therefore, elastic effects may be ignored.

B The air flow in the viecinity of the fighter 1s assumed to be smooth
P and unaffected by the towing airplane.

Equations of Motion

The equations of motion of the towed airplane were developed by
using Lagrange's method of undetermined multipliers as a means of taking
account of the constraint on the airplane. This method 1s based on
d'Alembert's principle and is discussed in detail in reference 3.

The equation of condition which defines the sidewise velocity at the
constraint or tow-attachment coupling is

Vo =V + V¥ + Xy ~ z§ = 0 (1)

Solving for the sidewise velocity of the airplane center of gravity from
equation (1) results in

V = Z¢ - X‘&' - V‘# ' . » (2)
and
’;’ = Za - X:\l; - Vi.f : (3)

The lateral equations of the free ailrplane are:
Side-force equation,
. . B ._;_ -V-_- .0 iy -
m(v+VW)_YBV+YBV+Y¢¢+Y¢¢+W¢+YO Y (%)
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Yawing-moment equation,

.. --— .\-’. ’- b‘. _
Izwy_IXZ¢-NBV+NW+N¢¢+NB%+NO_N (5)

Rolling-moment equation,

If - Tggd =g Ll et e T Rty = L (6)

Use of d'Alembert's principle and the Lagrange multipliers results in
the following equation:

[m(v + Vi) - Yoy + [I¥ - T - W]ow +

[Ixfj - Iyg¥ - L]6¢ + Aoy + x B - 2 5¢] =0 (Ta)

or
[m(‘? + V) - ¥+ Aoy + [12¥ - Txof - W+ oy +

|7 - Txg¥ - T - 2\[og = 0 (7o)

Because of the inclusion of A, the virtual displacements &y, 8V,
and 6¢ are arbitrary and, therefore, the coefficients of each displace-
ment must vanish. Then, solving for A from the coefficient of dy
yields

A=Y - m(¥ + Vi) (8)

Substituting for A and for v and Vv from equations (2) and (3) in
the yawing-moment and rolling-moment equations gives

I - Iggf - & Na(ef - Xb - V) - N - M5B - 2 p(af - X - W) -

(L 030 - b - V) + Lug(of - b - W) gl g -

No - XYo (9)
ORI

n(z@ - x¥ - V) - nNﬁ]
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Wg - m(za’- <t - V) - mVﬁj = Lo + z¥g
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_%_-Lé(zﬁ_xi}_vq}) —L\pﬁf—ngﬁ-%LB(z@—xﬁr-Vllf) -

Ky - z[% Yé(zé? - x¥ - W) + %YB(zéﬁ - x¥ - V) + Yq',lix + Y@;Z +

(10)

These equations may be expressed in nondimensional form by dividing each

by _%pﬁ?Veb and by using the following relationships and the operator D:

. _m
. oSb
k.
X d
Ky = 2 D=L
™% ds
Xy V.
K = £ ds = X dt
- b b
k
X7
Ko = ==
X7 2
b
The equations in nondimensional form are:
Yawing-moment equation,
2 2 2 1 1 1
ouK,” + 2u(X +.l.£c._l(§> oW+ |Lfc,. -LXcp. -Lc, +
[“Z ”(b) 2o % " 3b) % ng " 3p Y573 Oy

1
5p r. t

r

oIk

2
X X X - XZ
= CnB - <_) CYBJW + (Cn -3 Cy )W <2uKXZ + 2u L2 +
1 xz 2 1 1x z - Xz
EgécYé)Dsz'(Ecnp’é'EcYp"LbCB becY;3>D¢+
- X 11
Cpy = E Oy (11)
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Rolling-moment egquation,

2 1 1z 1
uKyy - 2u X2 4 L X . 4 1 X2 _)Dllr+(—-C.+——Cy.——-C -
( b2 21 ZB 2.b GYB o ZB 2b B 2 7’I'

2
1l 2 X Xz Z ‘ 7
= + = C + 22 DYy + (C + = + | 2uKy + 2uf2y -
TR LR AALEI U LA EL
LZ.CZ-_l(Egcy.DQ!- L ¢ +lECY + 2¢C +(-Z-)2CY D@ -
5b b 2% Y3 27l "2 Yp b g \b) p
(b W+K¢>¢ €1, * 5 % (12)

As
When o e 15 suwpstituted for § and VYo e is substituted for

in the equations written in determinant form, A must be a root of the
stability equation:

2
A7\u+B7\3+C7\ +DAN+E=0 (13)

K where

2 2 o 2 p 2 >
A=4u2[KXKZ +(%)’KZ +(%)KX - Ky -E%KXZ]+

2 2 2 2 2 2
u[% K Cag - (5) T Ong - £ % Oy - () %2 0y ¢

£ KxzCis - % Kxzlng + 2 2 KXZcYé]

b
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2 2,2 2 2 2
oul- 2 - (2 -z X N £
u|- B0y <b> Ky Oyy = 2 KyCng + £ Ky Cny (b> Ky Oy, +
X K,y + 2% ¢ + u[-x,%C _<E>20 - KgCp - 22 Cy -
b Z,B b2 YB Zp > Zp np b2 nP

z w2 X 2 z\2 X7 X g 2
— C + = K - C - (=) C - C - == C + = -
b Kz Yp b XZCYp Ky Cny (b) N, Kz ln 2 [ KX ch

2z 2 2\2n ' XZ Xy 2 Z
2 KxoCy, + KXCné + (E) Cné +‘KXZCZ[i +;§CZL§ 'FKXCY[_S) +:D-KXZCYB:I+

g 2 2 |
ll_x¢o - X X - (X . 2z . -
4[ S Caglay + ¥ ol + (b) CysCy <b> Crg0r, + £ Culny

C, C - X C, + C,.C -C; C -2 C + 2 . -
eVl T CYI. I ZBnP' Zrnpv - CYr n, g CYBCnp

z z - X X ‘
2 cnécyp +Z cnrcYp x CZ[;CYP + £ czrcyp] _
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Cn C; + £ c
ngC1y, * ¥

c z c. -2 - Xc
o + ZBCnp + b CYB np b nBCXP b ZBCYP]

5 = ~Ony(2 O + O - & (1 %W - Or,Ck)

The following relationships were used to determine the period and time
to damp to one-half amplitude from the roots of equation (13):

P = 21b
‘ oV
0.693b

where a and w are the real and imaginary parts of the complex
roots A = a t iw.

Calculations of Period and Damping

The period and time to damp to one-half amplitude of the lateral
oscillations for theé models of the F-84E and F7U-3 airplanes were
calculated for the conditions listed in table I. The conventional
static-lateral-stability derivatives used in equations (11) and (12)
were determined from force tests in the Langley free-flight tunnel and
the conventional rotary lateral derivatives used in these equations were
estimated by methods presented in reference 4, The values for the

moment arms % and %) used in these equations are given in the fol-

"lowing table:
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Airplane W Lagd;g _ x/b z/b
I 0.399 -0.076
F-84E II .398 -.093
IIT 397 ~.111
FTU-3 .488 -.151

For both models, calculations were made for systematic changes in spring
restraint in roll corresponding to the springs used in the experimental
investigations. For simplicity in discussing the results, the springs
were numbered from 1 to 5 and the following table gives the values of
the various spring parameters:

Value of Cg + % Cy
Full-scale o - '
Spring spring constant, F-84E loading
ft-1b/radian FTU-3
I IT I1T
None 0 -0.0388 -0.049 -0.058 -0.0917
1 100,000 ~1358 | -.146 | =155 | mmmmee-
2 180,000 @ |m-mmmem | mmmmm | mmmeee -.1762
p) 200,000 - .28 -.255 -26h | o
4 235,000  |=mmmemm | mmemee | —eeee- -.2019
5 490,000 = |emmmmem | e | mmmee -.3248

The spring-restraint parameter Ckg + % Cyw depends not only on the

spring constant but also on the weight of the airplane. In the pre-
ceding table, therefore, for the F-84E model there are three values of

CK + %’CW for each spring corresponding to the weight at each loading

condition.
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For the F-84E model, calculations of the period and time to damp
to one-half amplitude were also made to show the effect of artificial
increases in the damping in yaw for loadings I, IT, and IIT (n = 18.36,
23.0, and 27.3, respectively) with no roll spring restraint and for the
loading III, spring 5 case.

The values of the artificlal damping In yaw for the model of the
F-84E airplane were calculated from the measured response characteristics
of the rate-gyro-—servomechanism system and the measured rudder effec-
tiveness. The yaw-damper conditions of the tests were represented as
nearly as possible in the calculations by the three different values of
artificial damping in yaw which are listed for the model of the F-84E in
table I. It should be noted that these values are considerably larger
than the first estimates reported in reference 1, which were in error.

Calculation of the Motions

Motions were calculated with the Reeves Electronic Analog Computer
(REAC) by using equations (11) and (12) for all the conditions summarized
in table I. The disturbances used for these calculations represented the
disturbances measured from the test records as nearly as possible. The
duration and sequence of the aileron controls used for the calculations
corresponded to those measured from the test records. The aileron rolling
moments were obtained from force tests of the model.

In the tests of reference 1 for the stable conditions, the
F-8U4E model was disturbed by an abrupt 35° aileron deflection and then
the controls were centered for the rest of the test. This disturbance
was represented for the REAC calculations by applying a rolling moment
corresponding to 35° aileron deflection (Czo = 0.05) for 0.2 second.

The time of 0.2 second was an approximete value obtained by averaging
the values read from the film records for several cases. For the
unstable test conditions, the oscillations were started by a gust in the
tunnel airstream after the model had been steadied with the controls or
with a launching l1ine and then released with the controls fixed for the
test record. For the calculations involving unstable osclllations, the
gust was represented by a rolling moment one-tenth as large as that used
for the stable cases (CZO = 0.0055. .

In the tests of reference 2 for the stable configurations, the oscil-
lations of the FTU-3 were started by alternate left and right aileron
controls in phase with the rolling displacement to produce large-
amplitude motions. Because the control sequences differed somewhat for
the various cases, the control direction and duration were obtained from
the film records for each condition and duplicated for the REAC calcula-~
tions. Rolling and yawing moments corresponding to 30° aileron deflection
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(CZO = 0.02k, Cn, + % Cy, = 0.002) were used for these cases. For the
unstable cases, a single rolling moment (CZ = 0.02) was applied for
o

0.1 second to represent the tunnel gust.

A preliminary comparison of the experimental data with the motions
calculated as described in the preceding paragraphs showed that in most
cases the calculated initial response was different from that obtained
in the tests, apparently because the disturbance used in the calcula-
tions dld not exactly correspond to that used in the tests. The ampli-
tudes of all the calculated motlons were therefore adjusted so that the
curve at the first peak following the disturbance (called time 0)
matched exactly the experimental records. Mathematically this was
equivalent to adjusting the magnitude, but not the duration, of the
disturbance. It was felt that this procedure was justified because the
primary interest in this investigation was not the initial response to
the disturbances but rather the motions following the initial response.

RESULTS AND DISCUSSION

The results of the calculations and the corresponding data obtained
from the experiments are presented in figures 2 to 9. The calculated and
experimental values of period and damping are compared in figures 2 and T
for systematic varlations of roll spring restraint [as measured by

Cx + % CW) for the F-84E and FTU-3 models, respectively. The experi-

mental values of time to damp to one-half amplitude were obtained from
test records of references 1 and 2 by taking the average values from the
damping envelopes of the first several cycles. The calculsted and exper-
imental rolling motions for the same conditions are compared in figure 3
for the F-84E model and in figures 8 and 9 for the F7U-3 model. In the
case of all the motions calculated on the REAC, only the rolling motions
are presented because only the rolling motions were obtained from the
tests of references 1 and 2.

‘ The effect of the yaw damper for various loadings of the F84E model
is shown in figure 4 by both the experimental and calculated data. The
calculated and experimental motions are compared for the same conditions
in figures 5 and 6.

F—84E Results

Effect of roll spring.- For all the F-84E conditions without the yaw
damper, the calculations of period and time to damp to one-half amplitude
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predict two oscillations which will be designated as the more stable
oscillation and the less stable oseillation. Comparison of the calcu-
lated and experimental damping values in figure 2 indicates that the
oscillation obtained in the tests corresponds to the less stable mode
predicted by the calculations, although in a few cases the experimental
periods appear to agree more closely with the periods calculated for the
more stable oscillation. In general the calculated values of period
and time to damp agree with the experimental values for all the condi-
tions shown in figure 2. No experimental value for damping 1ls presented
for the loading I, roll spring 3 case because the irregular motion made
it impossible to determine the time to damp. The comparison of the test
and calculated motions in figure 3, however, shows that the calculations
do predict the type of motion for this condition. The slight irregu-
larity in the test record of the loading I, roll spring 1 case in fig-~
ure 3 appears to be evidence of a short-period oscillation superimposed
on the longer period motion.but it is not apparent in the calculated
motion.

Filgure 2 shows that the calculated periods of the two oscillations
are usually sbout the same, except for the loading I case where they

become increasingly different with increasing roll spring restraint.

This large difference in the periods and the larger initial response

of the more stable mode to the disturbance may explain the irregular
motion of the loading I, roll spring 3 case. The two modes get out of
phase early in the record, and when the amplitude of the stable mode is
about the same as that of the less stable mode, the combination produces
an unevenly damped motion before the more stable mode disappears. This
irregular motion cannot be attributed to the type of control disturbance
used because a smooth motion was obtained in the loading II, roll

spring 3 case with the same disturbance.

Effect of yaw damper.- The calculations for period and time to damp
for the F-84E model with the yaw damper operating predict one oscilla-
tion and two very stable aperiodic modes. Figure 4 shows the effect of
the yaw damper on the period and damping of the oscillation for the
three loading conditions corresponding to values of p of 18.36
(loading I), 23.0 (loading II), and 27.3 (loading III). Only the values
of period snd time to damp for the predominant, less stable oscillations
of the cases without the yaw damper are presented in figure 4 for com-
parison with the values for the yaw-damper cases. The calculated aperi-
odic damping values for the yaw-damper cases are presented in table I.
The calculated and experimental motions showing the effect of the yaw
damper are compared in figure 5 for the three loading conditions with-
out roll spring restraint and in figure 6 for the loading III, roll
spring 3 condition.

The calculations predict the effect of the yaw damper falrly well,
although in some cases the quantitative agreement between the test data

L
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and the calculations is not so good. The test and calculated periods
shown in figure 4 are only in fair quantitative agreement for loadings II
and III but are in qualitative agreement in that both increased with
increasing relative~density factor. The test and the calculated damping
results are also in qualitative agreement in showing that increases in
damping are provided by the yaw damper. Most of the quantitative differ-
ence results from the differences between the calculated results and the
test points for the no-yaw-damper cases. The calculated and experimental
motions in figures 5 and 6 are in qualitative agreement, and the chief
differences are in the periods of the calculated and experimental records.

FTU-3 Results

A1l the calculations made for the FTU-3 model predict two oscilla-
tions. The calculated and experimental values for period and time to
damp are compared in figure T. Experimental values for the period are
presented for all the conditions, but experimental damping values are
presented only for the no-spring condition and for the roll spring 2
case because the irregularity of the motions for the spring 4 and 5
cases makes it very difficult to determine the damping values. The
results in figure T show that the model had somewhat better damping
than that predicted by the calculations for the no-spring condition
and for the roll spring 2 case.

The calculated and experimental records for the four spring-
restraint conditions are presented in figure 8. As indicated by the
data of figure T, the experimental motions show more damping than the
calculated motions for the no-spring condition and for the roll spring 2
case. The comparison of the records for the roll spring 4 and 5 cases
shows fairly good agreement between the experimental and calculated
motions. In the roll spring U4 case, the calculations predict the same
irregular motion in the first three cycles that was found in the exper-
imental records.

The data of figure T show that the periods of the two oseclllations
are close for the low-spring-restraint conditions but the pericds become
increasingly different with increasing spring restraint and, as in the
case of the loading I condition for the F-84E model, both the calculated
and experimental motions of the FTU-3 model in figure 8 show uneven
damping in the first several cycles with roll springs 4 and 5 where the
periods of the two predicted modes were most different.

The disturbance sequences were somewhat different for each of the
FTU-3 model tests shown in figure 8. In order to verlfy the results of
the F-84LE tests which indicated that the type of disturbance was not
responsible for the irregular motion, calculations were made for the
roll spring 2 case by using the same disturbance as that for the roll

Lo o
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spring 4 case. Results of these calculations are presented in figure 9,
together with results for the roll spring 4 case. The data of fig-

ure 9 show that the osecillation for the roll spring 2 case is still
smoothly damped with this disturbance. It appears, therefore, that, as
in the case of the F-84E, the type of disturbance is not the cause of
the irregular damping.

The residual motions in figure 8 from about 5 seconds on for the
roll spring 4 case and from about 2.5 seconds on for the roll spring 5
case are evidently not oscillations predicted by the calculations.
Since the calculations predict good damping for all the modes of these
cases, it appears that the residual motions are probably caused by tur-
bulence in the tunnel alrstream as suggested 1n reference 2.

CONCLUSIONS

A theoretical method is presented for predicting the dynamic lateral
stability characteristics of an airplane towed in tandem by a much larger
airplane. Calculated values of period and time to damp to one-half ampli-
tude and calculated rolling motions have been correlated with results of
two experimental investigations conducted in the Langley free-flight
tunnel. In general, the theoretical results agree with the experimental
results.

Iangley Aeronautical Laboratory,
National Advisory Committee for Aeronautics,
langley Field, Va., March 351, 1955.

SCpd & Sarks

Robert E. Shanks
Aeronautical Research Scientist

Approved: %M &

Thomas A. Harris
Chief of Stablility Research Division
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TABLE I

CONDITIONS FOR WHICH CALCULATIONS WERE MADE, DERIVATIVES USED IN CALCULATIONS, AND RESULTS OF CALCULATIONS

[or; = oug = 05 = 0]

Conditlons » Aerodynemic parameters Mass parameters Calculated results

‘Tosding |pring| (full-scale),| '™ log + Zoyl O%g 1% | Co | O | G| G| % | G Oty | k2| kP kg

More stsble|Less stable| Aperiodic

X oscillation|oscillation mode

a
- 1n/radlen’ | LETRET L B, [ Ty/erf B {Tysps [Tyfoe| Ty /o

} 8e¢ [ geg |.58C | gec | sec | sec
| F-B4E
i
[ \ | ! T
} None | emememee | =0.0388 -0.51610.103 |-0.143 | 0.010 ~0.028 |-0.416| 0.26 |-0.108(0,247|18.36|0.0130|0.0440[ ~0.0013|1.24 | 0,08 0.8} | =0.38 ‘wmme |wcm-
;I 41 100,000 None | -.1358) ~516] .103| -.143| ,010|-.028| ~,416| .26 | -,108| .247(18.36| .0130| .OW4O| =.0013] .52| .10 | .83 | 2420 —emm |—mee
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Tow—attachment coupling (Universal jont)
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Figure 1.- The stability system of axes. Arrows indicate positive direc-
tions of moments, forces, and angles. This system of axes is defined
as an orthogonal system having the origin at the center of gravity and
in which the Z-axis is in the plane of symmetry and perpendicular to
the relative wind, the X-axis is in the plane of symmetry and perpen-
dicular to the Z-axis, and the Y-axls is perpendicular to the plane of
symmetry. At a constant angle of attack, these axes are fixed in the

alrplane.
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Figure 2.- Correlation of period and damping of the model of the F-84E air-
plane for various roll-spring-restraint conditions as obtained from tests

and theory. No yaw damper.
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Figure 5.~ Effect of yaw damper on the rolling motions as determined by
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Figure 6.- Effect of the yaw damper on the calculated and measured motions
of the F-84E model in the loading III, roll spring 3 condition.
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Figure 8.- Comparison of calculated and measured motions for various
amounts of spring restraint in roll for the F7U-3 airplane model.
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Figure 9.-‘Comparison of calculated‘motions for two roll-spring-restraint
conditions following the same disturbance sequence for the F7U-3 model.




